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N o n t h r e s h o l d  e x c i t a t i o n  of n a t u r a l  conve c t i on  i s  p r e d i c t e d  in a h o r i z o n t a l  c a v i t y  whose  u p p e r  
s u r f a c e  is  hea t ed  in an a r b i t r a r i l y  n o n u n i f o r m  m a n n e r .  F r o m  a conduc t ing  l iquid  in a m a g -  
ne t i c  f i e ld ,  it  i s  shown that  c o n v e c t i o n  i s  not e x c i t e d  fo r  an a r b i t r a r y  n o n u n i f o r m  hea t ing  of 
the u p p e r  s u r f a c e .  The  r e s u l t s  a r e  v a l i d  in t h e o l o g i c a l  s y s t e m s .  

In s t u d i e s  of  hea t  and m a s s  t r a n s f e r  in v o l u m e s  o c c u p i e d  by l iqu ids  and g a s e s ,  the cond i t i ons  fo r  the 
a p p e a r a n c e  of c o n v e c t i o n  a r e  of c o n s i d e r a b l e  i m p o r t a n c e .  Convec t ive  hea t  and m a s s  t r a n s f e r  i s  known to 
be c o n s i d e r a b l y  m o r e  i n t ense  than  m o l e c u l a r  t r a n s f e r ,  so  the  a p p e a r a n c e  of c o n v e c t i o n  in p a r t i c u l a r  c a s e s  
m a y  be e i t h e r  use fu l  o r  u n d e s i r a b l e ,  depend ing  on w h e t h e r  the in ten t ion  is  to i n t ens i fy  o r  r e d u c e  the t r a n s -  
f e r .  

i. We can determine the conditions for the appearance of convection in channels and cavities with 

arbitrary wall temperature. For this purpose, we will analyze the mechanical equilibrium equation v i = 0 
and find the class of boundary conditions for which there are no solutions. The examples of channels and 

cavities of planar geometry will be discussed. We assume that the gravitational force is the only mass 

force acting and that the physical parameters of the medium are constant. Then the equations formechanical 

equilibrium are 
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T h e s e  equa t i ons  s h o u l d  be s u p p l e m e n t e d  with  the equa t ion  of s t a t e .  We at  f i r s t  a s s u m e ,  a s  is  u s u a l l y  done 
in  a s tudy  of f r e e  convec t i on ,  tha t  in w r i t i n g  the equa t ion  of s t a t e  we can  n e g l e c t  the p r e s s u r e  d e p e n d e n c e  
of  the  d e n s i t y  and can  l i n e a r i z e  the t e m p e r a t u r e  de pe nde nc e  of the d e n s i t y  [1-3].  Then we f ind 

p = p* [1--[~ ( T - -  T*)], (6) 

w h e r e  p* and T* a r e  c e r t a i n  e m p i r i c a l  c o n s t a n t s ,  and fi = ( -1 /p) (Op/OT)  is  the c o e f f i c i e n t  of t h e r m a l  e x -  
p a n s i o n .  

Le t  us c o n s i d e r  the  c a v i t y  to be a p a r a l l e l e p i p e d  one of whose  s i d e s  is  p a r a l l e l  to the g r a v i t a t i o n a l  
f o r c e .  The b o u n d a r y  and in i t i a l  cond i t ions  fo r  E q s .  (1)-(6) a r e  

1 = 0 :  P=po(X,  g, z), T = T o ( x ,  g, z), 

t > O :  x = d  P = P a ( g ,  z, t), T = T  d(g, z, t), 
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x = - - d  T----T_ d(y, z, t); 

y = h P = Ph (x, z, t), T = Th (x , z, t), 

y = - - h  T =  T_h(x,  z, t); (7) 

z = l  P = P l ( x ,  y, t), T = T t ( x ,  y, t), 

z = - - l  T = T _ ~ ( x ,  y,  t). 

We choose  the y axis  pa ra l l e l  to the g rav i t a t iona l  f o r c e .  Then gx = gz = 0 and gy ~ 0 and it fol lows f r o m  
E q s .  (1)-(4) that  the p r e s s u r e  does not change along the x and z d i r ec t i ons ,  i .e . ,  in the plane p e r p e n d i c u l a r  
to the v e c t o r  g'. F u r t h e r m o r e ,  the dens i ty  should not be a function of  the t ime p ~ p(t). It a l so  follows f r o m  
Eq.  (2) that  the dens i ty  is cons tan t  in the xz p lanes  and thus depends only on the y coord ina te :  p = p(y). It 
is a s s u m e d  here  that the g rav i t a t iona l  field is cons tan t  in the xz p l anes ,  but  that  it m a y  depend in an 
a r b i t r a r y  m a n n e r  on the t ime and the y coord ina te :  gy = gy(y,  t). It follows d i r e c t l y  f r o m  this equat ion of  
s ta te  that  the t e m p e r a t u r e ,  l ike the dens i ty ,  may  not depend on the t ime  or  the x and z coo rd ina t e s ,  and 
should be a funct ion only of y: T = T(y).  

Taking into account  these  l imi ta t ions  on the coord ina te  and t ime  dependences  of the t e m p e r a t u r e ,  
dens i ty ,  and p r e s s u r e ,  we can eas i ly  find the gene ra l  solut ion of Eqs .  (1)-(6) and fo rmu la t e  the boundary  
and initial condit ions under  which m e c h a n i c a l  equ i l ib r ium is poss ib le :  

T = To" = Ta = T-d  = Tz = T-z ---- ay  + b, (8) 
Z h == ah q- b, T_ h = - - a h  + b, a ---- const, b = const, (9) 

P = P0 = P* [1--  [3 (ay + b - -  T*)], (10) 
Y 

P = P , = P e = f ( t )  q-p* f gy(y, t ) [ 1 - - ~ ( a y + b - - T * ) l d y ,  P h = f ( t ) .  (11) 
d' 

Mechanica l  equ i l ib r ium is thus poss ib le  only when:  1) the t e m p e r a t u r e s  of the upper  and lower  s u r f a c e s  
of the pa ra l l e l ep iped  a r e  held cons tan t  o v e r  the en t i re  su r f ace  a r e a  and a r e  not funct ions of the t ime  [Eq. 
(9)] ; 2) the t e m p e r a t u r e  of the side s u r f a c e s  changes  l i nea r ly  and is a lso  independent  of the t ime [Eq. (8)] ; 
3) the dens i ty  is cons tan t  and has the height  d i s t r ibu t ion  given by Eq.  (10); 4) the p r e s s u r e  at the upper  and 
l o w e r  s u r f a c e s  of the pa ra l l e l ep iped  has  an a r b i t r a r y  t ime dependence  f(t), but the p r e s s u r e  is main ta ined  
in a spec ia l  m a n n e r  at  the s ide s u r f a c e s  [Eq. (11)]. In the case  of a va ry ing  g rav i t a t iona l  f ie ld,  the p r e s s u r e  
changes  at  the side s u r f a c e s  of the pa ra l l e l ep iped  c o r r e s p o n d  to the g = g(y,  t) dependence .  

When the re  a r e  any devia t ions  f r o m  these  boundary  and init ial  condi t ions ,  t he re  a r e  no solut ions  of 
E q s .  (1)-(6); a cco rd ing ly  the re  is no mechan i ca l  equ i l ib r ium of the l iquid,  so convec t ion  a r i s e s  in the cav i ty .  
Convect ion  may  a r i s e  in the cavi ty  when e i t he r  the t e m p e r a t u r e  boundary  condi t ions  (8) and (9) o r  the p r e s -  
s u r e  boundary  condi t ions  a r e  d i s rup ted .  We a re  i n t e r e s t ed  p r i m a r i l y  in convec t ion  exc i ta t ion  by m e a n s  of 
hea t ing .  We will  d i s c us s  this  ques t ion  in deta i l .  

Our  p a r t i c u l a r  i n t e re s t  is in the exci ta t ion  of f r ee  convec t ion  in a cavi ty  fi l led with a gas  o r  a l iquid 
and whose  upper  su r face  is hea ted .  As we jus t  expla ined ,  it is suff ic ient  h e r e , e i t h e r  to p roduce  a non-  
u n i f o r m  t e m p e r a t u r e  d i s t r ibu t ion  o v e r  the upper  su r f ace  o r  to give this  t e m p e r a t u r e  a t ime dependence .  
Convec t ion  should a r i s e  when there  a r e  a r b i t r a r i l y  sma l l  devia t ions  f r o m  a un i fo rm  t e m p e r a t u r e  o r  f r o m  
a cons tan t  t e m p e r a t u r e .  E x p e r i m e n t s  should be c a r r i e d  out to check  this  poss ib i l i t y  of  exc i t ing  f ree  c o n -  
vec t ion  by m e a n s  of heat ing f r o m  above .  This  can appa ren t ly  be done m o s t  e a s i l y  by p roduc ing  a s tepped,  
o r  a p p r o x i m a t e l y  s tepped,  t e m p e r a t u r e  d i s t r ibu t ion  ove r  the upper  s u r f a c e  of the pa ra ! l e l ep iped  fi l led with 
the l iquid o r  gas :  

{r h = { Tho - - d ~  x .<0 
Tho -~ A T 0 < x . <  d, z, t - -  arbitrary 

o r  

T h ~ t Tho 0 s..~ t, x, z - -  arbitrary, 
[Th0 J r h T  t > 0 ,  

and by main ta in ing  the lower  su r f a c e  at T_ h = Th0. Although convec t ion  is p r e d i c t e d  t h e o r e t i c a l l y  at a r b i -  
t r a r i l y  s m a l l  AT,  the poss ib le  ex i s t ence  of a c r i t i c a l  value A T c r  should be noted dur ing  the e x p e r i m e n t s ,  
and the changes  in the s t r u c t u r e  of  the convect ive  flow with changing AT should be fol lowed.  
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The possibility of exciting free convection in a strictly horizontal cavity by means of nonuniform heat- 

ing from above should not be confused with free convection in a sloping channel whose upper wall is at a 
higher temperature [3]. In this case, the convection, which, incidentally, is observed at a constant wall 

temperature, is due to the noneollinearity of the sides of the channel with the gravitational vector; this con- 

vection would not arise in a horizontal channel. Both possibilities for the appearance of convection make 

a mechanical equilibrium in a cavity filled with a liquid or gas an exceptional phenomenon. Under actual 

conditions, one must generally expect convection. Accordingly, the large discrepancies between the ex- 

perimental thermal and other physical characteristics of liquids and gases obtained by various authors 

[5-7, ii, 12] are understandable, and one recognizes the necessity for treating experimental results on the 

basis of a heat conduction equation incorporating convective terms. 

The considerable range of critical Rayleigh numbers [8-10] which have been observed experimentally 
can also be attributed to the appearance of convection because the surfaces of the horizontal planar layers 
are not isothermal. 

Let us now see what changes are caused in these results by replacement of equation of state (6) by a 

more accurate one. Let us consider, e.g., an ideal gas in which the equation of state is exactly 

P = Rp T. 

I t  i s  d i f f i cu l t  to s ee  tha t  the s t e a d y - s t a t e  r e s u l t s  wi l l  be e s s e n t i a l l y  the s a m e .  In p a r t i c u l a r ,  to e x c i t e  c o n -  
v e c t i o n  by hea t i ng  f r o m  above ,  i t  i s ,  a s  b e f o r e ,  su f f i c i en t  to h e a t  the h o r i z o n t a l  s u r f a c e s  in a nonun i fo rm  
m a n n e r .  The t e m p e r a t u r e  d i s t r i b u t i o n  a t  the s i de  s u r f a c e s  r e m a i n s  the s a m e ,  but  the p r e s s u r e  and d e n s i t y  
d i s t r i b u t i o n s  a r e  d i f f e r e n t :  

9 ~ e x p [ _ t '  aR--g(g)R(ag + b) d g ] ,  

P - ' ( a g + b )  exp [ - - f  aR-g(g)R(ag+b) dy] .  

New r e s u l t s  a r e  found u n d e r  t r a n s i e n t  c o n d i t i o n s .  F o r  e x a m p l e ,  t h e r e  i s  a m e c h a n i c a l  e q u i l i b r i u m  when 
t h e r e  i s  a c e r t a i n  a g r e e m e n t  b e t w e e n  the t i m e  d e p e n d e n c e s  of the p r e s s u r e ,  t e m p e r a t u r e ,  and g r a v i t a t i o n a l  
a c c e l e r a t i o n .  It is  not  d i f f i cu l t  to s e e  that  th i s  is  p o s s i b l e  when T(t) ~ P(t)  ~ g(t) ~ e a t .  In th is  c a s e ,  the 
s o l u t i o n  of the p r o b l e m  r e q u i r e s  f u r t h e r  s t udy .  

2. L e t  us  d e t e r m i n e  the cond i t i ons  fo r  the a p p e a r a n c e  of c onve c t i on  in a c a v i t y  wi th  n o n i s o t h e r m a l  
s u r f a c e s  when th i s  c a v i t y  is  f i l l ed  wi th  a conduc t ing  l iqu id  (or  gas )  and is  p l a c e d  in a m a g n e t i c  f i e ld .  We 
a s s u m e  the cav i t y  to be a p a r a l l e l e p i p e d  and a s s u m e  that  the only nonvan i sh ing  componen t  of the m a g n e t i c  
f i e ld  is  d i r e c t e d  p a r a l l e l  to the g r a v i t a t i o n a l  a c c e l e r a t i o n ,  which  i s  a l s o  p a r a l l e l  to one s ide  of the p a r a l -  
l e l e p i p e d  and y a x i s .  As in the c a s e  of nonconduc t ing  l i q u i d s ,  we f ind a c l a s s  of b o u n d a r y  cond i t ions  unde r  
which  s o l u t i o n s  of the s t a t i c  equa t ion  do not  e x i s t  - i n  th is  c a s e ,  the equa t ions  of m a g n e t o h y d r o s t a t i c s .  We 
a s s u m e  the m a g n e t i c  f i e ld  is  u n i f o r m  a long  the z a x i s ;  then  the m a g n e t o h y d r o s t a t i c  equa t ions  b e c o m e  [4] 

H . = H ~ - - O ,  H u = H  u(x, t), 

OH_~_ c ~ O~Hv 
Ot 4~a Ox 2 ' 

0 = - -  Ox 

O~  --  Og P + -~  + P g u ,  

o = - ~  P + g ~ ,  

o~p =o, 
0t 

_ = c ~ (aHyi~ ' OT zh  T + 
Ot 16~2c~p* cp \-~-x J 

(12) 
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where cr is the conductivity and e is the electrodynamic constant. We use the equation of state as given in 
(6). The boundary and initial conditions (7) must be supplemented by conditions for the magnetic field com- 
ponents: 

t = 0  Hy = Hvo (x), 

t > 0  x = l Hvz = Hvl (t), 

Without  go ing  into a d e t a i l e d  a n a l y s i s  of s y s t e m  (12), we s t a t e  the g e n e r a l  so lu t i on  and b o u n d a r y  c o n -  
d i t i ons  fo r  a m e c h a n i c a l  e q u i l i b r i u m :  

H v = Hue -= Ax + B, Hvz = AI + B, Hv(_~l = - -  Al + B, 

T = To = Td = T_d = Tt = T_~ = a y2 + ay + b, 

Tn = a h ~  + a h  q-b, T_h = a h 2 - - a h  + b ,  

P = Po= P*[1--  13 (aY ~ + a y +  b - -  T*)], 

P = f (t) + f O (Y) g (Y, t) dy (Ax + B) 2 
8~x 

Ac ~ 
a , A, B, a, b - - cons t .  

3 2 ~ p *  % • 

I t  was  a s s u m e d  for  th i s  s o l u t i o n  tha t  the g r a v i t a t i o n a l  f i e ld  was  c o n s t a n t  in the xz  p l a n e s .  

Any d e v i a t i o n  f r o m  t h e s e  cond i t i ons  should  c a u s e  m a c r o s c o p i c  mo t ion .  

A s  b e f o r e ,  n o n i s o t h e r m a l  h o r i z o n t a l  s u r f a c e s  (upper  o r  l ower )  c a u s e  c o n v e c t i o n .  M a c r o s c o p i c  m o -  
t ion  in the c a v i t y  i s  a l s o  e x c i t e d  when the m a g n e t i c  f i e ld  o r  t e m p e r a t u r e  i s  o t h e r  than  c o n s t a n t  in t i m e .  I n -  
t e r e s t i n g l y ,  m e c h a n i c a l  e q u i l i b r i u m  cannot  o c c u r  when  the m a g n e t i c  f i e ld  has  a n o n l i n e a r  d e p e n d e n c e  on the 
x c o o r d i n a t e .  

U s i n g  the equa t ion  of s t a t e  fo r  an idea l  g a s ,  we f ind a c o m p l e t e l y  d i f f e r e n t  r e s u l t ,  even  fo r  the s t e a d y -  
s t a t e  p r o b l e m .  In a m a g n e t i c  f i e ld  wh ich  v a r i e s  l i n e a r l y  a long  the x a x i s ,  the h o r i z o n t a l  s u r f a c e s  m a y  be 
n o n i s o t h e r m a l  a t  m e c h a n i c a l  e q u i l i b r i u m  if  the p r e s s u r e  a long  t h e s e  s u r f a c e s  c ha nge s  in a s p e c i f i e d  m a n -  
n e r :  

H : A x + B .  

T : [8~ 17 (y) -- (Ax + B) ~1 (8r~p) -~, 

P =17 (y ) - -  (Ax + B) ~ 
8~ 

dH 1 
P 

a y e  

1 7 - - ( D g + E )  K + L y - -  \ 8~ + - -  24---~ g3 , 

D, E, K, L = const. 

The cho i ce  of equa t ion  of s t a t e ,  a s  we will s e e ,  p l a y s  an  i m p o r t a n t  r o l e  wi th  r e s p e c t  to the cond i t i ons  
fo r  convec t i on  e x c i t a t i o n ;  t h i s  cho ice  wi l l  be d i s c u s s e d  e l s e w h e r e  in m o r e  d e t a i l .  

We note  in conc lu s ion  that  t h e s e  r e s u l t s  r e g a r d i n g  the e x c i t a t i o n  of f r e e  convec t ion  a s  a r e s u l t  of n o n -  
i s o t h e r m a l  s u r f a c e s  can  be c o n v e r t e d  wi thout  d i f f i cu l t y  to e x c i t a t i o n  due to n o n i s o b a r i c  c o n d i t i o n s ;  t he se  
r e s u l t s  hold  fo r  Newton ian  l i qu ids  (or  g a s e s )  and in r h e o l o g i c a l  s y s t e m s .  
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3. 
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